We report the results for charge radii of heavy flavored mesons (D + , D 0 , D + s , B + , B 0 , B 0 s ) in an improved QCD potential model. To enhance the effectiveness of short range and long range effect of the potential V (r) = − 4αs 3r + br in the perturbative procedure a cut-off parameter r P is introduced as an integration limit. The obtained results are found to be comparable with other available data. The limitation of the approach is discussed in the manuscript.
Introduction
For both qualitative and quantitative descriptions of hadron spectroscopy, the potential model description in the non-relativistic regime of QCD [1] is found to be tremendously successful.
In our work, we consider Coulomb plus linear Cornell potential [2] , V (r) = − 4α s 3r + br + c.
This potential is very useful to apply in the quantum mechanical perturbation theory in the study of heavy flavored mesons, since at short distance, linear term is effectively considered as perturbation and at long distance Coulomb potential is considered as perturbation. i.e. it is based on the two kinds of asymptotic behaviors: ultraviolet at short distance (Coulomb like) and infrared at large distance (linear confinement term). In the potential (1), -the total wave function which is inconsistent with the quantum mechanical idea that a constant term 'c' in the potential can at best shift the energy scale, but should not perturb the wave function i.e. a Hamiltonian H with such a constant and another H without it should give rise to the same wave functions.
Here we introduce a cut-off parameter r P as an integration limit and compute the charge radii of D + , D 0 , D + s , B + , B 0 , B 0 s mesons. It is well known that at short distance Coulomb potential plays a more dominant role than the linear confinement of potential (1) and at large distance the confinement takes over the Coulomb effect. Therefore if the inter-quark separation 'r' can be roughly divided into two regions 0 < r < r P for short distance and r P < r < r 0 for long distance effectively, where r P is the point where one of the potentials will dominate over the other. In such situation confinement parameter (b) and the strong coupling parameter (α s ) can be considered as effective and appropriate small pertubative parameters. Therefore in the present work of the paper we tried to incorporate both the short range and long range effect of the potential in the construction of total wave function.
We use the two-body Schrodinger's equation and obtain the first-order perturbed wave function of the QCD potential using Dalgarno's method [6, 7] of perturbation.
In this paper, the obtained results for charge radii of mesons are compared with earlier work [8, 9, 10] and also with the prediction of other model values [11, 12, 13, 14] . Limitation of the approach is also discussed.
The paper is organised as follows: in section 2, we outline the formalism where we have discussed the model and obtain the expressions for form factors. In section 3, we summarize the results and discussions. Section 4 contains conclusion.
Formalism

The Model
The non-relativistic two body Schrodinger equation [15] is
so that the first-order perturbed eigenfunction ψ (1) and eigenenergy W (1) can be obtained using the relation
where
We calculate the total wave function using Dalgarno's method of perturbation for the potential (1) with c = 0,
The two choices for parent and perturbed Hamiltonian are choice-I:
as parent and H = br as perturbation and choice-II:
+ br as parent and H = − 4αs 3r
as perturbation.
From choice-I and II, we can find the bounds on r upto which both the choices are valid.
From choice-I,
and from choice-II,
Inequality (7) and (8) will correspond to a particular point r, say r P , where r P = 4αs 3b
such that for the short distance, i.e. r < r P Coulomb part is dominant over the linear confinement term and for long distance, i.e. r > r P linear part is dominant over the Coulombic term. Thus the point r P measures the distance at which the potential changes from being dominantly Coulombic (r < r P ) to dominantly linear (r > r P ). At potential level, the continuity at a particular point of r is quite clear as is evident from Fig.1 of ref. [2] .
The total wave function for choice-I is
where the normalization constant N is
and
m i and m j are the masses of the quark and antiquark respectively, µ is the reduced mass of the mesons and
is the correction for relativistic effect [16, 17] due to Dirac modification factor.
Similarly, the total wave function upto O(r 4 ) for choice-II is
is the Airy function [18] and N is the normalization constant,
Even though the Airy's function vanishes exponentially as r → ∞ [18] and is normalizable too, the additional cut-off r 0 is used in the integration basically due to the polynomial approximation of the series expansion used in the Dalgarno's method of perturbation and is independent of the property of the Airy function.
The co-efficients A 0 , A 1 , A 2 , A 3 and A 4 of the series solution as occured in Dalgarno's method of perturbation, are the function of α s , µ and b:
The parameters:
(in our case n=1 for ground state),
Form factor and charge radii
The elastic charge form factor for a charged system of point quarks has the Q 2 dependent form [19] 
where Q 2 is the four momentum transfer square and e i is the charge of the i th quark/antiquark and
where Q i describes how the virtuality Q 2 is shared between the quark and antiquark pair of the meson.
In the present model, we redefine equation (28) as
In equations (30) and (31), we have used approximation signs rather than equals because F (Q 2 ) | I will give approximate results for each form factor when r ≤ r P and F (Q 2 ) | II will give approximate results when r ≥ r P .
To check the behavior of the form factor with momentum transfer square Q 2 we obtain the analytic expressions for form factors considering Airy's function upto order r 1 as shown in Appendix A and B.
(a) With Dirac modification factor:
The 1 st part of (31), F (Q 2 ) | I is solved using Coulomb potential as parent and linear potential as perturbation wave function (9) with relativistic correction (as shown in Appendix A) which gives
where the Incomplete Gamma function γ(s, r P ) is defined as
From the reality condition of equation (32), we get that 0 < < 1, thus form factor falls with the increasing value of Q 2 .
Similarly, the 2 nd part of integration (31), F (Q 2 ) | II is solved using wave function (14) (as shown in Appendix B), which gives
The constraint on equation (34) is that for the term with k = 1, < 1.
The 1 st part of the integration (31) F (Q 2 ) | I with = 0 gives
Similarly, with = 0,
The average charge radii square for the mesons is extracted from the form factors at their low Q 2 behavior using the relation [11] ,
Results and Discussions
In Table 1 , we have recorded the numerical values of the cut-off parameter r P in F ermi at charmonium and bottomonium scale. In Figure 1 we display the variation of form factor F (Q 2 ) vs Q 2 for charged mesons (D + (cd), D + (cs) and B + (ub))and in Figure 2 we display the variation of form factor for neutral mesons (D 0 (cū), B 0 (db) and B 0 s (sb)) respectively, using equation (30) It seen that the form factor of the charged mesons ( Figure 1 ) decreases with the increasing value of Q 2 , but for neutral mesons (Figure 2 ) form factor first increases for small Q 2 and then decreases with the increasing value of momentum transfer square. A similar behavior for neutral pseudoscalar Kaon is also suggested in ref. [21] . Our study also show a temporary rise in form factor does exist for heavy flavored neutral mesons near Q 2 ≈ 1GeV 2 ( Figure 2 ). This is presumably due to the non-dominant behavior of small Q 2 over the other parameters involved. From the graphs, it is evident that the range of validity of the model is not beyond ∼ 2.1GeV 2 .
In Table 2 , we present the obtained results for the charge radii for various D and B mesons using equation (37) and compare them with the results of ref. [8, 9] and with the prediction of other models [11, 14] . Table 2 we can see that our predicted results for D + (cd) and D 0 (cū) mesons are in good agreement with those of ref. [14] . Also the introduction of the Dirac modification factor doesn't change the results significantly. Further the present results for B mesons are found to be improved than earlier analysis of ref. [9] . In ref. [9] , the charge radii of various heavy and light mesons were found to be very small where Variationally Improved Perturbation Theory (VIPT) [2] was used. On the other hand in ref. [8] , the charge radii of various mesons were calculated considering b = 0, where the results for heavy flavored D mesons were found to agree well with the experimental values but for heavy flavored B mesons, the results were large compared to other theoretical models. The present results for B mesons are found to be very much improved than the earlier analysis of ref. [8, 9] . In ref. [10] , the charge radii of mesons were found for a non-zero value of scaling factor 'c' and with b = 0.183GeV 2 , where two-loop V-scheme was used for a large value of coupling constant α v = 0.625.
From Table 2 it is interesting to see that for all the neutral mesons the mean square charge radius is negative. A well explanation for negative charge radius square of the neutral meson can be found in ref. [22] . Here let us explain this for neutral D 0 (cū) meson.
We define a center of mass coordinate for the quark antiquark (Qq) bound state of meson,
where r Q and rq are the heavy (Q) and light anti-quark (q) coordinates respectively.
The mean square charge radius of the meson can be written as the deviation from the center of mass coordinate squared weighted by the quark and antiquark constituents of the meson, which has the simplified form,
where Q Q and Qq are charge of the quark and anti-quark respectively. δ = r Q − rq is the relative coordinate. In D 0 (cū) meson, a negatively charged light u-antiquark is orbiting around a heavier positively charged c-quark. Since the mass of c-quark is very large compared to the u-antiquark, when we probe lightly into the charge distribution, we will see the charge of the light objects which are in the tail of the distribution orbiting out at large distances.
The same explanation is valid for B 0 (db) and B 0 s (sb) mesons also, where a light d-quark is orbiting around a heavier b-antiquark and a light s-quark is orbiting around a heavier bantiquark respectively.
The perturbative stability of our results is also checked in the present model as shown in Table 3 . We have also checked the sensitivity of charge radii for different cut-off (r 0 ) values. The results are presented in Table 4 . From Table 4 , it is seen that the higher value of the cut-off (r 0 ) raises the charge radii of the mesons. It is clear that our results for charge radii of mesons agree well with those of ref. [11] when the upper cut-off r 0 will be between 0.689 and 0.788 F ermi. Further it is to mention that the value of r 0 could not be less than that of r P .
Conclusion
We have studied the charge radii of various heavy flavored mesons
s (sb) in an improved version of a specific potential model [23] in which the short range and long range effect of the Cornell potential is expected to be enhanced in the perturbative procedure.
The scale parameter 'r P ' in the model is not an arbitrary parameter rather it depends on the strong coupling constant α s and confinrmrnt parameter b. Again, we have used the same input parameters as is used in ref. [3, 4, 5] .
The charge radii of various heavy flavored mesons have not been measured experimentally yet. Our predicted results for charge radii of D + (cd) and D 0 (cū) mesons show good agreement to model of ref. [14] . From Table 4 , it is clear that adjusting the upper cut-off r 0 to ∼ 0.788F ermi, our results agree with those of ref. [11] . In the present work we tried to explain the physical significance of negative charge radii of neutral mesons. The graphs of Fig. 2 show the variation of form factor F (Q 2 ) with Q 2 for neutral mesons which indicate that the slope of the form factor is positive for Q 2 nearly upto 1GeV 2 .
Inspite of its success in various stage, the model has a limitation that the relativistic effect of the quarks involved is not incorporated directly but by a modification factor ( r a 0 ) − in a free Dirac way, but there should also have some other significant dynamical effects. Further study needed to take into account such limitation.
[21] W I Giersche and C R Munz, Phys. Rev. C 53, 5 (1996). 
A Appendix
With Coulomb parent linear parturbed wave function (9):
Using equation (9) in equation (A.1) and integrating over r,
where only the first term of the following series is considered
which is true for very low Q 2 .
We split the sine function of equation (A.2) using
Using (A.3) and (A.5) in the above equation,
At low Q 2 limit, equation (A.8) reduces to equation (34).
(A.10)
Without relativistic effect ( = 0) the above equation reduces to
(A.11)
B Appendix
With linear parent Coulomb perturbed wave function (14) considering Airy function upto O(r 1 ):
Similarly, at low Q 2 limit equation (B.1) gives
where and k = 1.33586µ Putting above values in equation (B.2) and using approximations (A.4) and (A.6), the equation (B.2) reduces to equation (B.3) 6 α s (γ(6 − 2 , r 0 ) − γ(6 − 2 , r P ))(6 − 2 )
s (γ(7 − 2 , r 0 ) − γ(7 − 2 , r P ))(7 − 2 ) F 9 = (0.292µ 
